Double-torsion tests were carried out to ascertain whether a thin test specimen would affect the results of this test. The tests involved two test specimen sizes, one with a thickness five-fold greater than the particle size of the material and the other with a three-fold greater thickness. The width of both test specimens was ten times that of their thickness and their length was double their width. The material utilized was an alumina-based refractory castable without cement. It is important to ascertain the influence of the thickness of double-torsion test specimens when materials with a coarse microstructure are involved. Otherwise, test specimens would have to be very large, rendering the experimental procedure difficult, as in the case of the size of sintering furnaces and the size of accessories for the test. This study shows that test specimens with lower thicknesses are representative when one analyzes the calibration curve of the compliance, the length of the crack at which the break occurred (critical crack length), and the shapes of the R-curve and of the load (P) vs. displacement curves. However, the analysis of the mean values of R (R), obtained by the arithmetic average of the R values in the section of stable crack propagation and the total fracture energy (γ wof ), showed that these values are dependent on the size of the test specimens, indicating that this subject deserves further investigation.
Introduction
Ceramic materials are brittle, with low toughness. The mechanical behavior of these materials is described by the theory of linear elastic fracture mechanics (LEFM), which quantitatively describes the transformation of an intact structural component into a fractured one through the growth of a crack.
More in-depth studies of ceramic materials usually involve measurements of the crack growth rate and fracture toughness and determination of their R-curve, among other characteristics. Obtaining some of these measures requires the condition of stable crack propagation. This condition may be difficult to achieve with some test geometries, but the geometry of the double-torsion test specimen eliminates this difficulty.
The double-torsion test is a typical test in fracture mechanics used for subcritical crack growth 1 , i.e., under the condition of stable crack propagation.
The concept of the double-torsion configuration was introduced by Outwater and Gerry 2, 3 . Several authors have discussed the development and some problems of this technique. In the last four decades, the double-torsion method has been widely employed to obtain subcritical crack growth in studies of the dependence of crack propagation velocity on the applied K I value. However, no standard has yet been established for this test with ceramic materials.
In the literature on other tests, one commonly finds that the smallest dimension of a test specimen should be at least five times the size of the diameter of the largest grain, in order to have a test specimen that is representative of the material's microstructure. The confirmation that a test specimen with a thickness of less than five times the largest particle diameter does not impair the quality of the double-torsion test is important when materials with a coarse microstructure are involved, as in the case of refractories. Otherwise, test specimens would have to be very large, making the experimental procedure difficult, as in the case of the size of laboratory sintering furnaces and the size of the accessories for the test.
In this study, we conducted stable crack propagation tests in a double-torsion arrangement on alumina-based refractory castable without cement with a maximum particle size of two millimeters. The width of the test specimens was ten times their thickness and their length was twice their width. Test specimens were prepared in two sizes, one with a thickness three times the size of the largest particle of the raw materials, and the other five times that size. Our purpose was to ascertain whether the results of this technique are affected by the size of the test specimens when the thickness of the sample is relatively small. This is an extremely important point when one wishes to study a refractory composed of large particles using the double-torsion test, since a geometry whose width should be much greater than its thickness and whose length should be twice the width would result in very large test specimens, leading to the aforementioned difficulties.
The aim in this study was to produce thin test specimens whose thickness would still be compatible with some representativeness of the fracture area, which is why no specimens were prepared with thicknesses of less than 3 times the size of the largest particle.
The following properties were characterized: apparent porosity, apparent specific mass of the solid part, apparent specific mass, Young's modulus, stable crack propagation, and R-curve.
Preparation of the Test Specimens
The material studied in this work was a high-alumina refractory castable without cement, with a maximum grain size of 2 mm. Table 1 shows the formulation of this castable. The raw materials utilized were two types of alumina, calcined and electrofused, and citric acid as dispersant (0.05% in weight). The castable's particle distribution was calculated based on Andreasen's particle packing model, using a particle size distribution coefficient, q, of 0.21 for the castable. This distribution was calculated using the PSDesigner program, version 2.0.0 developed by GEMM 30 .
The maximum temperature applied during sintering was 1360 °C.
The test specimens were prepared in the form of plates. The final size of the test specimen was defined considering not only the maximum size of the particles (to ensure the analysis of an area representative of the microstructure) but also the unfeasibility of sintering and testing very large pieces of refractory castable.
Two distinct sets of test specimens were prepared, one with a thickness three times the diameter of the largest particle and the other with a thickness five times that diameter. Both sets of test specimens were formulated with a maximum particle size of 2 mm.
The dimensions of the two sets of test specimens are given in Table  2 . The proportions of the two sets were t: W: L equal to 1: 10: 20, where t is the thickness, W the width and L the length of the test specimen. The specimens were machined and notches were made with nominal lengths of 12, 24, 36, 48, 60 and 72 mm in the small test specimens (hereinafter referred to as CP p ), and of 20, 40, 60, 80, 100 and 120 mm in the large specimens (hereinafter referred to as CP g ).
In both the small and large test specimens, the notch length corresponded to 10, 20, 30, 40, 50 and 60% of L, i.e., the relative notch size was 0.1 ≤ a 0 /L ≤ 0.6, where a 0 represents the notch length.
With regard to notch size, experiments conducted by Shetty & Virkar 31 demonstrated that the equation to obtain K I , considering the double-torsion geometry, overestimates K I for short notch lengths and underestimates it for long lengths. The authors proposed the following operational notch extension: 0.21 < a 0 /L < 0.58 and 0.27 < a 0 /L < 0.47 for the test specimen dimensions t: W: L of 1: 31.25: 75 and 1: 50: 75, respectively. According to the authors, at these extensions, the K I deviations fell within 5%.
Pletka et al. 17 also proposed a notch extension, 0.18 < a 0 /L < 0.78, as illustrated in Figure 1 .
In an analysis of stress in a double-torsion test specimen using finite elements, Trantina 15 considered a sloping crack propagation front, deducing another acceptable operational extension. However, this analysis did not explore the influence of the groove and of the initial notch. The relative dimensions of Trantina's 15 test specimen were 1: 10: 20 for t, W and L, respectively, which are the same dimensions as those used in the present work.
The test specimens of this study also had a 1 mm deep and 3 mm wide groove centered along their length, on the face under tensile stress, in order to induce a straight path for the crack.
Further details of the preparation of the material and samples are given in Albuquerque 32 .
Experimental Procedure
All the tests were carried out in an MTS series 810/458 servohydraulic testing machine.
The tests to determine the Young's modulus, E, were carried out in a three-point bending configuration. The calculations followed the procedure proposed by Hübner & Schuhbauer 33 , in which a prismatic test specimen with a rectangular section is loaded twice, once with the largest dimension and again with the smallest dimension of the transverse section supported on the rollers. In both loadings, the test remains in the elastic region. The two load vs. displacement curves are subtracted from each other and the modulus is calculated independently of the influence of the test accessories. The value of E was transformed into G, the shear modulus, by applying the elastic relationship G = E/[2(1+ν)], assuming the Poisson's ratio, ν, equal to 0.25.
The physical properties of apparent porosity, apparent specific mass of the solid part, and apparent specific mass of the sintered material were obtained by the Archimedes method, ABNT 34 and Wilson et al. 35 . Three methods are used for the double-torsion test, each with different loading conditions: the constant load rate (CLR) 5 , the constant displacement rate (CDR) 8 , and the load relaxation (RLX) method 8 . The method adopted in this work was CDR, which is more suitable for obtaining the R-curve.
The double-torsion method was utilized both to study the compliance calibration curve and to obtain the load-displacement curves and R-curves. Details of this test are given by Albuquerque & Rodrigues 36 . The equations associated with the double-torsion test are based on the assumption that the test specimen is a thin plate 10 . Evans et al. 37 and Atkinson 38 demonstrated, experimentally, that W should be 12-fold greater than t, while Pletka et al. 17 suggested that the test specimen's length, L, should be double that of the value of W. For these authors, the size of the double-torsion test specimen should follow the ratio of 12t ≤ W ≤ L/2. However, as mentioned earlier, Shetty & Virkar 31 studied this test specimen geometry with the dimensions of t: W: L of 1: 31.25: 75 and 1: 50: 75, while Trantina 15 analyzed stress in a doubletorsion test specimen with relative dimensions of 1: 10: 20 for t, W and L, respectively, the same proportions as those used in the present study. By reducing the ratio of W to t, one can obtain smaller test specimens that are easier to handle, sinter and test in the laboratory.
To reduce the ratio of W to t requires using a thickness correction factor in the expressions deduced for the stress intensity factor, K I , and for the slope of the straight line of the compliance, B, obtained analytically from the double-torsion test 16, 17 , as shown in the equations below. 
where ε is the correction factor as a function of the test specimen thickness defined by equation 3, P is the applied load, W m is the distance between supports and t n is the thickness after discounting the depth of the groove. In this work, it was used the a 0 /L ratio of 0.1, 0.2, 0.3, 0.4, 0.5, and 0.6 for the dimension of the notch. This range covered the extension recommended by Shetty & Virkar 31 , 0.21 < a 0 /L < 0.58 and 0.27 < a 0 /L < 0.47 for the test specimen dimensions t: W: L of 1: 31.25: 75 and 1: 50: 75, and almost the entire extension proposed by Pletka et al. 17 , 0.18 < a 0 /L < 0.78. The double-torsion test also allows one to calculate the crack propagation velocity, using Evans & Wiederhorn's formula 39 expressed as:
where dy/dt is the actuator's displacement velocity during the crack propagation test. The R-curve was obtained by the double-torsion test, according to the equation below 32, 36 . ,
where i represents a random point of the load-displacement curve upon which the P i value is read. Equation 5 presents R by the Linear Elastic Fracture Mechanics (LEFM) method, which establishes that R=K I 2 /E 40 . The value of a i , considered the instantaneous length of the crack, was estimated from the compliance calibration curve for the material under study 32, 36 , and is written as:
where C 0 is the initial compliance of the notched specimen, C i is the compliance for the crack length a i , and ∆a i is the variation of the length of the crack up to the instant i.
Results and Discussion

Physical properties and elastic moduli
An average value of 128 GPa, with a standard deviation of 2 GPa, was found for Young's modulus, E, of this material following the aforementioned method. The value of ν = 0.25 was adopted for the estimation of the shear modulus, G = 50 GPa.
The values of apparent density, Pa, apparent specific mass of the solid part, M eas , and of the apparent specific mass, M ea , are given in Table 3 .
Compliance
The equations for the compliance of the large, C g , and small, C p , test specimens extracted from the corresponding calibrations curves are: 6 7 1.41 10 2.12 10
and 6 7 5.47 10 4.23 10
where C g and C p in units of m/N for the crack length, a, in units of m. In Equations 7 and 8, a represents the size of the crack or of the notch, a 0 , whenever that is the case. These calibration curves are depicted in Figure 2 . Table 4 lists Figure 2 .
The experimental value of B of the large test specimens corresponds to 26% of the value of B for the small specimens. Comparing this value against the mean theoretical value of B (equation 2), calculated from the real dimensions of the test specimen, indicates that the B of the large test specimen corresponds to 30% of the value of B of the small specimen. It can be stated that the real difference in the B value of the two test specimen sizes is close to the value predicted theoretically. Therefore, the value of B of the small test specimen's calibration curve is representative.
Validity range of the notch length
In this study, the a 0 /L ratio values of 0.1, 0.2, 0.3, 0.4, 0.5 and 0.6 were used for the two test specimen sizes, where a 0 is the notch length.
The test specimens with longer notch lengths showed a shorter extent of stable crack growth. This led to the recording of fewer points for the P x d curve and, hence, to inaccuracy in the subsequent analyses of these curves. Therefore, only the curves with notch lengths with a 0 /L of 0.1 and 0.2 will be shown here. As mentioned in a previous paper by those authors 36 , again, for this material, the use of short notch lengths is also recommended. In that work, the lowest a 0 /L ratios presented the best results for the R-curve analysis, although, according to Shetty & Virkar 31 , the lowest a 0 /L ratio would be 0.2 for the 1:31.25:75 for the proportion of dimensions of the test specimen and, according to Pletka et al. 17 , a 0 /L should be higher than 0.18 and lower than 0.78. The present work indicated that very long notch lengths (a 0 /L > 0.3) do not allow for sufficient extension of stable propagation, which is a disadvantage for obtaining R-curves. This limitation is due not to the validity of the K I equation, but simply to the representative stable extension of the crack.
Analysis of the validity range of the notch length
In order to ascertain, according to Shetty & Virkar 31 and Pletka et al. 17 ( Figure 1 ), whether the relative length of the crack, a 0 /L, used in the present study is valid, the fracture toughness, K IC , was substituted by the maximum stress intensity factor, K Imax . This parameter is the K I value calculated for the maximum load value of the P x d curve. This was made because the test is slow and leads not to catastrophic break but to stable propagation. Figure 3 shows K Imax as a function of a 0 /L for the two sizes of samples. Figure 3 indicates that K Imax drops 27% from the highest to the lowest value of this magnitude in the interval of a 0 /L of 0.1 to 0.4 for the large test specimens and 37% for the small test specimens. Shetty & Virkar 31 recommended the value of 5% for different notch length. However, the dispersion for the same notch length, a 0 /L of 0.3 for the large test specimens, was 25% and for the small test specimen the dispersion for a 0 /L of 0.2, was 27% in the material used in this study. This dispersion must be associated with the coarse microstructure due to the particles of 2 mm in diameter.
According to Sakai 41 and Lemaistre 42 , materials with coarse microstructures show greater dispersion than materials whose microstructure is finer, denser and more homogeneous.
Working with castable and obtaining R-curves by the four-point bending test, Lemaistre 42 noted dispersion in the R-curves and in the maximum R values of up to approximately 50%, as illustrated in Figure 4 . He also observed that this dispersion increased along with the particle size. In Figure 4 , the MChZ5 with the largest particle size (7 mm) was the castable that showed the greatest dispersion.
Taking the maximum value of R, R max , found by Lemaistre 42 ( Figure 4 ), transforming it into K Imax using Irwin's equation 40 , R = K 2 /E, and substituting K IC with K Imax , yields a dispersion of about 30% of the K IC values for the MChZ5 castable. This value is much closer to the value found in the present study.
The variation was slightly higher in the small test specimens. The highest value of K Imax was 35% higher than the lowest value and the dispersion for the same notch length, a 0 /L of 2.4, was 25%.
Pletka et al. 17 also made a study of this criterion of crack (or notch) validity range and how it relates to the geometry of the test specimen, and concluded that further studies about this criterion were still needed.
Double-torsion test
In the double-torsion test, the P x d graph depicts the region of elastic deformation (beginning of the curve) and the region of stable crack propagation (where the points begin to deviate from the straight line of the elastic region, including the plateau and the break (abrupt load drop). For test specimens with notches in the a 0 /L range of 0.5 and 0.6, the break occurred before the material left the elastic region, and in these cases, stable crack propagation did not occur and the break load was much lower than the others. The R-curve was not obtained with these tests. Figure 5 gives examples of P x d curves for large test specimens with nominal notch lengths of 2 cm and for small test specimens with nominal notch lengths of 1.2 cm. The depths of the notches in the two specimen sizes were proportional, i.e., 10% of L. Figure 5 also shows the corresponding R-curves. Figure 6 gives the same information as Figure 5 , but for large test specimens with nominal notch lengths of 4 cm and for small test specimens with nominal notch lengths of 2.4 cm. The corresponding R-curves are also shown.
For a 0 values equal to 30 and 40% of L there were few points of stable propagation, hampering the analysis of the results, which are therefore not shown here.
The R-curves obtained by the double-torsion test for both test specimen sizes revealed the same behavior in terms of shape. This behavior was already expected for alumina in the initial state of crack expansion, i.e., an increase in strength with the growth of the crack, followed by a plateau 41 . To evaluate the reliability of the R values obtained, the comparison criterion of the mean R value, R, and the work of fracture, γ wof , multiplied by 2, were used according to Nakayama 43 . The work of fracture was calculated up to the ultimate point of the stable propagation. The value of R was obtained by the arithmetic average of the R values in the stable propagation portion of the crack, i.e., the values of R for which the values of a begin to increase (Figures 5b, 5d, 6b and 6d ). The equations used to calculate the values of R and γ wof are given in Albuquerque & Rodrigues 36 and Albuquerque 32 . Table 5 shows the values of R and 2⋅γ wof obtained in this work. The large test specimens showed higher mean values of R and 2⋅γ wof , as indicated in Table 5 .
When test specimens are of the same material, the behavior of the R-curve, in terms of the values of R and 2⋅γ wof , is showing a dependence on the size of the test specimen. Moreover, R and 2⋅γ wof are dependent on a 0 , as also indicated in Table 5 . This table reveals a tendency for R and 2γ wof to diminish as a 0 increases in both large and small test specimens. Only the crack length a 0 = 8 cm or a 0 /L = 0.4 in the large test specimens did not show this tendency. This was probably due to the wide dispersion in the case of the test specimens with a 0 = 6 cm (Table 5) . Table 5 also shows that both test specimens sizes presented R > 2⋅γ wof .
Critical crack length
In the double-torsion test, in both the material studied here and a material studied by Albuquerque & Rodrigues 36 , catastrophic propagation occurred after a certain length of stable propagation, as shown in Figure 5a , for example. The crack length at which catastrophic break of the specimen occurs was defined as the critical crack length, a c . The value of a c is obtained from equation 6 for the value of C i at the point corresponding to catastrophic rupture, when the load drops abruptly. Figure 7 shows the critical crack length, a c , vs. the notch length, a 0 . As can be seen, the notch length did not affect the critical crack length in either the large or the small test specimens. The horizontal lines in Figure 7 indicate the mean values of a c of 8.5 cm for the large test specimens and of 5.0 cm for the small ones. It is interesting to note that these mean values represent 42% of the total length of the test specimens, both for the small 12-cm-long test specimens and the large 20 cm-long ones. It can therefore be stated that the critical crack length was representative for the small test specimen. With three other materials 32, 36 , obtained that the catastrophic rupture occurred at 71, 45 and 38% of the total length of the test specimens. It can therefore be stated that, for the materials studied by the authors, the critical crack length varies according to the material and not to the dimensions of the test specimen. Figure 8 shows the extent of stable crack propagation, ∆a st , as a function of notch size, where ∆a st is defined as a c -a 0 . Figure 8 confirms that the shorter the notch length the greater the extent of stable propagation. This was true for both test specimen sizes. Figure 9 illustrates the mean theoretical crack propagation velocity, V, calculated from Equation 4 (with the value of B obtained from Equation 2), versus notch size. As can be seen in this figure, the mean crack propagation velocity did not vary significantly with the notch length in either of the two test specimen sizes, and in both sizes the propagation velocity remained between 2 x 10 -6 and 3 x 10 -6 m/s.
Crack propagation velocity
Final remarks
The two castable test specimen sizes showed no variation in the relative critical crack length. It was found that the small and large test specimens presented the same a c value in relation to the length of the test specimen, i.e., approximately 42%.
The analytical and experimental values of B for the double-torsion test, slope of the straight line of compliance calibration curve, were mutually congruent.
When one compares the values of B for the two test specimen sizes, one finds that the theoretical value of B of the large test specimen corresponded to 30% of the value of B of the small one, and the experimental value of B of the large test specimen corresponded to 26% of the value of B of the small one.
The mean theoretical crack propagation velocity was approximately the same for the two test specimen sizes (values of 2 x 10 -6 to 3 x 10 -6 m/s). There was little or no stable propagation when the notch length was close to the critical crack length, and catastrophic break occurred. In this situation, the P x d curve presented elastic deformation (load increase) and the test specimen broke soon after ultimate loading, when the load fell abruptly. For notches shorter than the critical crack length, the P x d curve showed the expected behavior, i.e., one portion of the curve corresponding to elastic strain, the other to stable crack propagation (subcritical growth and approximately constant load) and catastrophic rupture.
It seems that, for the R-curve, the test specimen really must have a section of crack propagation that involves an area representative of the microstructure; otherwise, the results one obtains for its evaluation are questionable. This is a major advantage of the geometry of the double-torsion test specimen, in which the crack propagates along the specimen's largest dimension.
The R-curves for the two different test specimen sizes initially showed a slight increase in R, tending toward a plateau, which is in agreement with the behavior predicted theoretically for alumina. Therefore, with respect to the shape of the R-curve, there was no discrepancy between the results of the small and large test specimens. In other words, the curves tended to a plateau, which did not occur when the authors applied this test to other materials. In those cases, the R-curves showed a decline in the load-displacement curve, which was reflected in the R-curve 32, 36 . However, the values of R and 2⋅γ wof of the small test specimens were lower than those of the large ones. Therefore, the values of R and γ wof proved to be dependent on the size of the test specimen. Both test specimen sizes presented the same ratio of R > 2⋅γ wof .
Conclusions
The critical crack length did not vary with the notch length. The absolute and relative values of critical crack length did not vary with the notch length or with the test specimen dimensions.
The difference between the experimental values of B for the two test specimen sizes is theoretically predictable.
The mean theoretical crack propagation velocity of the two test specimen sizes showed no significant difference.
For notch lengths close to the critical crack length, there is insufficient stable propagation to allow for an evaluation of the R-curve.
The two test specimen sizes showed mutual congruence of the R-curve shape.
The values of R and of 2⋅γ wof proved dependent on the size of the test specimen.
In the geometry of the double-torsion test, a thickness three times that of the largest grain demonstrated that the test specimen showed a qualitative behavior of stable crack propagation representative of various aspects of the material. However, an analysis of the values of R and 2⋅γ wof revealed that these values were lower for the small test specimens.
It is clear that the subject under discussion deserves further study, since this work presented results that were positive from several standpoints.
